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Abstract
We construct a tower of arithmetic generators of the bigraded poly-
nomial ring Jw,O∗,∗ (Dn) of weak Jacobi modular forms invariant with
respect to the full orthogonal group O(Dn) of the root lattice Dn
for 2 ≤ n ≤ 8. This tower corresponds to the tower of strongly re-
flective modular forms on the orthogonal groups of signature (2, n)
which determine the Lorentzian Kac-Moody algebras related to the
BCOV (Bershadsky-Cecotti-Ooguri-Vafa)-analytic torsions. We prove
that the main three generators of index one of the graded ring satisfy
a special system of modular differential equations. We found also a
general modular differential equation of the generator of weight 0 and
index 1 which generates the automorphic discriminant of the moduli
space of Enriques surfaces.
1 Introduction
In this paper we construct the tower of arithmetic generators of the bigraded
polynomial ring Jw,O∗,∗ (Dn) of O(Dn)-invariant weak Jacobi modular forms
with respect to the root lattice Dn for 2 ≤ n ≤ 8, corresponding to the D8-
tower of strongly reflective modular forms on the orthogonal groupsO+(2U⊕
Dn(−1)) (see [G3]). The strongly reflective modular forms of this tower
of the orthogonal groups O˜+(2U ⊕Dn(−1)) (3 ≤ n ≤ 8) determine the
Lorentzian Kac–Moody algebras corresponding to the BCOV (Bershadsky-
Cecotti-Ooguri-Vafa)-analytic torsions (see [Y] and [G3]).
The fact that the bigraded ring JW∗,∗(Dn) of Jacobi forms invariants with
respect to the Weyl group of Dn is polynomial was proved in [W]. The
Wirtmu¨ller theorem is the analog of the Chevalley theorem for invariant
polynomials of a Coxeter group (see [Lo1]–[Lo2], [SYS] and [S1]). However,
the Wirtmu¨ller’s proof does not give a construction of generators. Moreover,
∗The authors are supported by the Laboratory of Mirror Symmetry NRU HSE (RF
government grant, ag. no. 14.641.31.0001).
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this proof in the case of Dn is less clear than for the case of An. An explicit
construction of generators of the polynomial ring JW∗,∗(R) (where the root
system R 6= E8) is important for determining the flat coordinates in the
theory of Frobenius varieties (see [S2], [DZ], [Sat] and [Be1]–[Be2]). For
example, in [Sat] one can find (without detailed proof) a construction of the
generators in the E6 case. In [Be1]–[Be2] the cases of An, Bn and G2 were
considered independently from [W]. We note that H. Wang proved recently
that JW∗,∗(E8) is not polynomial (see [Wa]).
As we mentioned above, our interest to generators of J
w,W (Dn)
∗,∗ is ex-
plained by existence of the D8-tower of the reflective automorphic discrimi-
nants starting with the Borcherds–Enriques modular form
Φ4 ∈M4(O
+(U ⊕ U(2)⊕ E8(−2)), χ2) =M4(O
+(U ⊕ U ⊕D8(−1)), χ2)
which is the discriminant of the moduli space of Enriques surfaces (see [Bo],
[K] and [G3, §5] or Arxiv.1005.3753). Due to this relation we are interested
in the generators of the O(Dn)-invariant weak Jacobi modular forms with
respect to the root lattice Dn whereO(Dn) is the full orthogonal group of the
lattice Dn. We note that our construction is quite arithmetic, and it gives
us a rather interesting system of non-linear differential equations related to
the main arithmetic generators of the bigraded ring of Jacobi forms (see §5).
All reflective automorphic discriminants of the D8-tower are determined
by the last generators ϕ0,1 ∈ J
O(Dn)
0,1 (2 ≤ n ≤ 8) of the bigraded ring of
J
O(Dn)
∗,∗ , which contains two types of generators of index one and two. See
§3. All generators of index 2, namely ϕDn−2n+2,2, ϕ
Dn
−2n+4,2, . . . , ϕ
Dn
−6,2, come,
in fact, from the sublattice nA1 = A1 ⊕ . . . ⊕ A1 of Dn. We can easily
construct them using only Jacobi modular forms ϕ−2,1 and ϕ0,1 introduced
by Eichler and Zagier (see [EZ]).
There are four generators of index 1, namely (ωDn−n,1)
2, ϕDn−4,1, ϕ
Dn
−2,1, ϕ
Dn
0,1 .
The Jacobi form ωDn−n,1 has the simplest possible divisor. It corresponds to
the orbit of the miniscule weights of the root systemDn. So it is proportional
to the products of odd Jacobi theta-series. This form ωDn−n,1 defines the
difference between two graded rings J
O(Dn)
∗,∗ and J
W (Dn)
∗,∗ (see more details in
§4).
We prove in §5 that the last three generators ϕDn−4,1, ϕ
Dn
−2,1, ϕ
Dn
0,1 satisfy
a special system of modular differential equations. Moreover we found a
general modular differential equation for ϕDn0,1 (see (6) in §5).
We restrict ourselves in this paper only to theDn case with n ≤ 8 because
of existence of the D8-tower of reflective automorphic forms. Our arithmetic
construction of the generators works with small modification for any n. We
plan to study different variations of generators and the corresponding non-
linear differential equations for arbitrary n in a separate publication.
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2 Jacobi modular forms and root systems: defini-
tions and examples
In this paper we use the following definition of weak Jacobi forms in many
variables. See [G1], [CG] and [G3] for more details.
By a lattice we mean a free Z-module equipped with a non-degenerate
symmetric bilinear form (·, ·) with values in Z. A lattice is even if (l, l) is
even for all its elements.
Definition 2.1. Let L be the a positive definite even lattice with the inner
product (· , ·), a variable τ be from the upper half-plane H and let z =
(z1, . . . , zn) ∈ L ⊗ C. Then a weak Jacobi form of weight k ∈ Z and index
m ∈ Z for the lattice L is a holomorphic function ϕ : H × (L ⊗ C) → C
which satisfies the functional equations
ϕ
(
aτ + b
cτ + d
,
z
cτ + d
)
= (cτ + d)kepiim
c(z,z)
cτ+dϕ(τ, z) for any
(
a b
c d
)
∈ SL2(Z),
ϕ(τ, z + λτ + µ) = e−2piim(λ, z)−piim(λ, λ)τϕ(τ, z) for all λ, µ ∈ L
and has a Fourier expansion
ϕ(τ, z) =
∑
n>0, l∈L∨
a(n, l)qnζ l,
where q denotes e2piiτ and ζ l denotes e2pii(z, l) for any l ∈ L∨, where L∨ is
the dual lattice of L.
Remark 2.1. 1) If the Fourier expansion of ϕ(τ, z) satisfies the stronger
condition a(n, l) 6= 0 ⇒ 2mn > (l, l), then such form is called holomorphic
Jacobi form. And if it satisfies even more strong condition a(n, l) 6= 0 ⇒
2mn > (l, l), then this form is called cusp Jacobi form. We denote the
respective finite dimensional spaces by
Jck,m(L) ⊂ Jk,m(L) ⊂ J
w
k,m(L).
2) In fact, these spaces depend only on the discriminant group of the
renormalised lattice L(m). The space of holomorphic Jacobi forms is iso-
morphic to the holomorphic vector-valued modular forms defined by Weil
representation of L(m) (see [G1, Lemma 2.3]).
3) It is easy to show that there are no non-zero Jacobi forms of negative
index m. For m = 0 a weak Jacobi form of weight k is a SL2(Z)-modular
form f(τ) of weight k.
Definition 2.2. Let G < O(L) be a subgroup of the integral orthogonal
group of a positive definite lattice L. A weak Jacobi form ϕ(τ, z) for the
lattice L is called G-invariant, if for any g ∈ G
ϕ(τ, g(z)) = ϕ(τ, z).
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The finite-dimensional space of all G-invariant weak Jacobi forms of weight
k and index m is denoted by Jw,Gk,m (L); an analogous notation is used for
the holomorphic and cusp forms.) In the special case of the full integral
orthogonal group O(L) of lattice L and its subgroup W (L) we have
Jw,Ok,m (L) ⊂ J
w,W
k,m (L).
The set of all weak G-invariant Jacobi forms has the structure of a bi-
graded ring
JG∗,∗(L) =
⊕
k∈Z,m∈Z≥0
Jw,Gk,m (L)
This ring can be considered as an algebra over the graded ring of all holo-
morphic modular forms with respect to the full modular group
M∗ =
⊕
k≥0
M2k(SL2(Z)) = C[E4(τ), E6(τ)]
which is the polynomial ring generated by two Eisenstein series
E4(τ) = 1 + 240
∑
n≥1
σ3(n)q
n, E6(τ) = 1− 504
∑
n≥1
σ5(n)q
n
where σk(n) =
∑
d|n d
k.
In this paper we consider the case L = Dn, the root lattice of Dn type.
Following [Bou], let us recall the main prorepties of root lattices Dn.
Let ε1, . . . , εn be the standard orthonormal basis in Z
n. We can choose
α1 = ε1 − ε2, . . ., αn−1 = εn−1 − εn and αn = εn−1 + εn as the basis of root
system Dn. These vectors generate even positive definite lattice
Dn = {(x1, . . . , xn) ∈ Z
n |
∑
xi ≡ 0 mod 2},
which is a sublattice of index 2 of Zn. The root systems of Dn-type are
well-defined for all n > 2. We note that the lattice D2 is isomorphic to the
direct sum A1 ⊕ A1 and D3 is isomorphic to root lattice A3. Recall that
|D∨m/Dm| = 4 and
D∨m/Dm = {0, e1,
1
2
(e1 + · · ·+ em−1 ± em) mod Dm}
is the cyclic group of order 4 generated by 12(e1 + · · · + em) mod Dm, if m
is odd, and the product of two groups of order 2, if m is even. We have the
following matrix of inner products in the discriminant group of Dm of the
non-trivial classes modulo Dm
(
(µi, µj)
)
i,j 6=0
=

 m4 12 m−241
2 1
1
2
m−2
4
1
2
m
4

 , µi ∈ D∨m/Dm,
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where the diagonal elements are taken modulo 2Z and the non-diagonal
elements are taken modulo Z. We note that the discriminant group of Dm
depends only on m mod 8.
The Weyl groupW (Dn) acts on the elements of the lattice Dn by permu-
tations and changing of the sign of even number of coordinates. For all cases,
except n = 4, the Weyl group is the subgroup of index 2 of the full integral
orthogonal group O(Dn), which acts on coordinates by permutations and
changing any number of signs. In case n = 4, the integral orthogonal group
is larger because there are additional transformations that correspond to
rotations of Dynkin diagram. We denote by O′(D4) the subgroup of O(D4)
that changes the sign of any number of coordinates and permutes them.
In case of root system Dn the set of coroots D
∨
n coincides with Dn. So,
the highest coroot and the highest root are the same and are equal
α∨ = ε1 + ε2 = α1 + α2 for n = 2,
α∨ = ε1 + ε2 = α1 + α2 + α3 for n = 3,
α∨ = ε1 + ε2 = α1 + 2α2 + . . . + 2αn−2 + αn−1 + αn for n > 4.
The degrees of generators of the ring of W (Dn)-invariant polynomials are
2, 4, . . . , 2n− 2 and n.
Below we introduce some examples of Jacobi forms (see [G1], [CG] for
details).
Example 2.1. Jacobi theta-series for unimodular lattices. For any positive
definite even unimodular lattice L one can define the Jacobi theta function
ΘL(τ, z) =
∑
l∈L
q(l,l)ζ l.
As it can be shown, this function is a O(L)-invariant Jacobi form of weight
rkL
2 and index 1. So, for example, for the root lattices D8 ⊂ E8 we have
ΘE8(τ, z) ∈ J
W
4,1(E8) ⊂ J
W
4,1(D8).
Example 2.2. The odd Jacobi theta-series and the theta-discriminant for
Dn-lattice. The main function in our constructions of Jacobi forms is a
classical odd Jacobi theta function ϑ(τ, z) = −iϑ11(τ, z) (see [M] and [GN1])
ϑ(τ, z) = q
1
8
∑
n∈Z
(−1)nq
n(n+1)
2 ζn+
1
2 =
= −q
1
8 ζ−
1
2
∞∏
n=1
(1− qn−1ζ)(1− qnζ−1)(1− qn).
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It is well-known that this function satisfies the following relations:
ϑ(τ, z + xτ + y) = (−1)x+y exp(−pii(x2τ + 2xz))ϑ(τ, z), (x, y) ∈ Z2,
ϑ
(
aτ + b
cτ + d
,
z
cτ + d
)
= v3η(A)(cτ + d)
1/2 exp
(
pii
cz2
cτ + d
)
ϑ(τ, z)
for any A =
(
a b
c d
)
∈ SL2(Z), where vη is the multiplier system of order 24
of the Dedekind eta-function
η(τ) = q
1
24
∞∏
n=1
(1− qn).
We note that
∂ϑ(τ, z)
∂z
∣∣
z=0
= 2pii η(τ)3,
∂2 log ϑ(τ, z)
∂z2
= −℘(τ, z) + 8pi2G2(τ),
where ℘(τ, z) is the Weierstrass ℘-function and G2(τ) = −
1
24+
∑
n≥1 σ1(n)q
n
is the quasi-modular Eisenstein series.
There is a better way to write all these functional equations. It is known
that
ϑ(τ, z) ∈ J 1
2
, 1
2
(v3η × vH)
is a holomorphic Jacobi form of half-integral weight and index (k = 1/2
and m = 1/2) where vH is a non-trivial binary character of order 2 of the
Heisenberg group (see [GN1]).
Using the Jacobi theta-series we construct the first basic weak Jacobi
forms of negative weights for for the root systems A1 and Dn:
ϕ−2,1(τ, z) =
ϑ2(τ, z)
η6(τ)
= (ζ − 2 + ζ−1) + q · (. . .) ∈ Jw,W−2,1 (A1),
ωDn−n,1(τ, z) =
ϑ(τ, z1) · . . . · ϑ(τ, zn)
η3n(τ)
∈ Jw,W−n,1(Dn) (n ≥ 2).
We note that ωDn−n,1 is invariant with respect to W (Dn) and anti-invariant
with respect to σ ∈ O(Dn) \W (Dn) for n 6= 4. For n = 4 it is anti-invariant
under the action of the subgroup σ ∈ O′(D4) \W (D4).
For n ≡ 0 mod 8 we get a holomorphic Jacobi form of so-called singular
(the minimal possible) weight
ΘD8n(τ, z) =
8n∏
i=1
ϑ(τ, zi) ∈ J4n,1(D8n).
In particular, J4n,1(D8) = C〈ΘE8 ,ΘD8〉 (see [CG]).
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Example 2.3. Hecke operators and construction of generators. We men-
tioned above that the Jacobi modular forms of Eichler–Zagier are the Jacobi
forms for the root lattice A1. Then ϕ(τ, z) is W (A1)-invariant if and only if
ϕ(τ, z) = ϕ(τ,−z) is even in z, i.e. ϕ(τ, z) has even weight.
The ring JW∗,∗(A1) = J
w
2∗,∗(A1) is polynomial in two generators over the
ring of modular forms M∗ (see [EZ] and Proposition 2.1 below). The gen-
erators are the weak Jacobi forms ϕ−2,1 and ϕ0,1. There are many ways to
construct the second generator. For example (see [EZ]), one gets it with
multiplication by Weierstrass ℘(τ, z)-function:
ϕ0,1(τ, z) = −
3
pi2
℘(τ, z)ϕ−2,1(τ, z) = (ζ + 10 + ζ
−1) + q · (. . .).
In [GN1], Hecke operators were used for construction of the same func-
tion.We shall apply this method also for Dn.
In general (see [G1]), the action of Hecke operator on Jacobi forms of
index 1 for any lattice L can be defined by
(ϕk,1|T−(m))(τ, z) = m
−1
∑
ad=m
b mod d
akϕ
(
aτ + b
d
, az
)
.
This operator multiplies the index of the Jacobi form by m and does not
decrease the multiplicity of divisor in z = 0. Direct computations give us
that
ϕ0,1 = 2
ϕ−2,1|T−(2)
ϕ−2,1(τ, z)
=
1
22
·
ϕ−2,1(2τ, 2z)
ϕ−2,1(τ, z)
+
ϕ−2,1(
τ
2 , z)
ϕ−2,1(τ, z)
+
ϕ−2,1(
τ+1
2 , z)
ϕ−2,1(τ, z)
.
Example 2.4. Modular differential operators and construction of genera-
tors. Another construction method makes use of the modular differential
operator (see, for example, [G4]). More precisely, let us consider the opera-
tor Hk that acts on Jacobi form ϕk,m(τ, z) of weight k and index m for the
lattice L of rank n0 with the inner product (· , ·) by the formula
H
(L)
k (ϕk,m)(τ, z) =
= 2pii
∂ϕk,m
∂τ
(τ, z) +
1
8pi2m
(
∂
∂z
,
∂
∂z
)
ϕk,m(τ, z) + (2k−n0)G2(τ)ϕk,m(τ, z) =
=
∞∑
n=0
∑
l∈L∨
(
n−
1
2m
(l, l)
)
a(n, l)qnζ l + (2k − n0)G2(τ)ϕk,m(τ, z),
where G2(τ) = −
1
24 + q · (. . .) is the quasimodular Eisenstein series defined
in (2.2).
In fact, this operator maps weak (holomorhic, cusp) Jacobi form of
weight k and index m for lattice L to weak (holomorhic, cusp) Jacobi form
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of weight k + 2 and index m. So, in the case L = A1 a direct calculation
gives
H−2(ϕ−2,1)(τ, z) = −
1
24
ϕ0,1(τ, z) = (ζ + 10 + ζ
−1) + q · (. . .).
Proposition 2.1. (see [EZ, Theorem 9.3]) The bigraded ring JW∗,∗(A1) is a
polynomial ring in two generators over M∗
JW∗,∗(A1) = J2∗,∗(A1) =M∗[ϕ0,1, ϕ−2,1].
Proof. We give a short proof which will be generalised below to the case of
Dn.
1) We note that ϕ0,1(τ, 0) = 12 and ϕ−2,1(τ, z) has zero of order 2 in
z = 0. To show that the generators are algebraically independent over M∗
one has to consider a homogeneous relation of fixed weight and index. Then
one has to consider the specialisation of a polynomial relation for z = 0.
2) We note that ϕ0,1(τ, 0) = 12. For any ϕ ∈ J
w
2k,m we have ϕ(τ, 0) =
f2k(τ) ∈M2k. Then
ψk,m(τ, z) = ϕ(τ, z) −
1
12m
f2k(τ)ϕ
m
0,1(τ, z)
has zero of even order in z = 0. Therefore
ψk,m(τ,z)
ϕ−2,1(τ,z)
∈ Jwk+2,m−1 and we can
finish the proof by induction in m.
Example 2.5. The case of the orthogonal sum 2A1 = A1 ⊕ A1. The or-
thogonal group O(2A1) is generated by transformations
(z1, z2) 7→ (z2, z1), (z1, z2) 7→ (±z1,±z2).
Therefore any ϕ(τ, z1, z2) ∈ J
w,O
k,m (2A1) is symmetric and even in (z1, z2). In
particular, any O(2A1)-invariant Jacobi form has even weight.
For an orthogonal sum of two lattices one can take the direct symmetric
products of Jacobi forms for both lattices:
ϕ2A10,1 (τ, z1, z2) = ϕ0,1(τ, z1)ϕ0,1(τ, z2),
ϕ2A1−2,1(τ, z1, z2) = ϕ−2,1(τ, z1)ϕ0,1(τ, z2) + ϕ0,1(τ, z1)ϕ−2,1(τ, z2),
ϕ2A1−4,1(τ, z1, z2) = ϕ−2,1(τ, z1)ϕ−2,1(τ, z2).
Proposition 2.2. The bigraded ring Jw,O∗,∗ (2A1) is a polynomial ring over
M∗ with three algebraically independent generators
Jw,O∗,∗ (2A1) =M∗[ϕ
2A1
0,1 , ϕ
2A1
−2,1, ϕ
2A1
−4,1].
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Proof. We have
ϕ2A10,1 (τ, z1, 0) = 12ϕ0,1(τ, z1) and ϕ
2A1
−2,1(τ, z1, 0) = 12ϕ−2,1(τ, z1).
The algebraic independence follows from this fact and Proposition 2.1. For
any ϕ ∈ Jw,O2k,m(2A1) we have ϕ(τ, z1, 0) ∈ J
w
2k,m(A1). Therefore according
to Proposition 2.1 there exists ψ ∈M∗(ϕ
2A1
0,1 , ϕ
2A1
−2,1) of weight 2k and index
m such that z2 = 0 is zero of even order of ϕ − ψ. This Jacobi form is
symmetric. Therefore (ϕ− ψ)/ϕ2A1−4,1 ∈ J
w,O
2k+4,m−1(2A1).
3 Constructing of generators for D8
3.1 Generators of index 1
3.1.1 Weight 0
Hecke operators and two weak Jacobi forms of weight 0 and index 1. In
Example 2.2 we have defined two W (Dn)-invariant weak Jacobi forms with
the simplest divisor {zi = 0}. Therefore, in the case of the lattice D8 we
can construct two weak Jacobi forms of weight 0 using the Hecke operator
like in Example 2.3. The first form is a reflective Jacobi form mentioned in
the introduction (see [G3])
ϕD80,1(τ, z8) = −
1
2
ΘD8(τ, z8)|T−(2)
ΘD8(τ, z8)
= 8 +
8∑
j=1
ζj +
8∑
j=1
ζ−1j + q · (. . .).
The weak Jacobi form of the same type ωD8−8,1 gives another weak Jacobi
form of weight 0
ψD80,1(τ, z8) =
1
2
ωD8−8,1|T−(2)
ωD8−8,1(τ, z)
= 512 +
∑
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q · (. . .).
Both Jacobi forms are O(D8)-invariants.
3.1.2 Weight −4
E8-lattice and a weak Jacobi form ϕ
D8
−4,1 of weight −4. In Example 2.1 we
defined the Jacobi theta-series for an even unimodular lattice. Note that
the lattice D8 is a sublattice of unimodular lattice E8 = 〈D8,
ε1+...+ε8
2 〉. Let
us take the unimodular lattice D+16 = 〈D16,
ε1+...+ε16
2 〉. We define the Jacobi
form of weight 8 (see (2)) without constant term
E4(τ) ·ΘE8(τ, z8)−ΘD+16
∣∣
D8
(τ, z8) ∈ J
W
8,1(D8).
We can find the q1-term of its Fourier expansion using a description of the
roots of these lattices. Any root in E8 is equal to ±εi ± εj for i 6= j or
9
±ε1±...±ε8
2 with even number of + and −. Hence q
1-term of E4(τ) · ΘE8 is
equal to
240 +
∑
16i<j68
ζ±1i ζ
±1
j +
∑
even±
ζ
± 1
2
1 . . . ζ
± 1
2
8 ,
where the second type summands contain even number of + and − in ex-
ponents. Any root D+16 is equal to ±εi ± εj for i 6= j. Consequently, after
restriction to D8 the q
1-term of Fourier expansion equals
∑
16i<j68
ζ±1i ζ
±1
j + 16
8∑
i=1
ζ±1i + 112.
As a result, we get
ϕ˜−4,1(τ, z8) = ∆(τ)
−1
(
E4(τ) · ϑE8(τ, z8)− ϑD+16
∣∣∣∣
D8
(τ, z8)
)
=
128− 16
8∑
i=1
ζ±1i +
∑
even±
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q · (. . .) ∈ J
w,W
−4,1 (D8).
By construction, this Jacobi form is W (D8)-invariant. However, it is not
O(D8)-invariant because of the term
∑
even± ζ
± 1
2
1 . . . ζ
± 1
2
8 . We can correct
this function by the theta-discrimiant
ωD8−8,1(τ, z8) =
∑
even±
ζ
± 1
2
1 . . . ζ
± 1
2
8 −
∑
odd±
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q · (. . .),
and obtain O(D8)-invariant form. More precisely,
ϕD8−4,1(τ, z8) = 2ϕ˜−4,1(τ, z8)− E4(τ)ω
D8
−8,1(τ, z8) =
256 − 32
8∑
i=1
ζ±1i +
∑
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q · (. . .) ∈ J
w,O
−4,1(D8), (1)
where in the last type summand of q0-term the sum is taken for all possible
combinations of + and −. We note the following relation between the two
weak Jacobi forms of weight 0 and index 1 defined above
ψD80,1 − E4ϕ
D8
−4,1 = 256 + 32
8∑
j=1
ζj + 32
8∑
j=1
ζ−1j + q · (. . .) = 32ϕ
D8
0,1 .
3.1.3 Weight −2
Modular differential operator and ϕD8−2,1. To construct the generator of
weight −2 and index 1 we apply the modular differential operator from
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Example 2.4, to ϕD8−4,1. As a result, we get
ϕD8−2,1 = 3 ·H−4(ϕ
D8
−4,1) = 512 − 16
8∑
j=1
ζ±1j −
∑
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q · (. . .).
Applying the modular differential operator H−2 to ϕ
D8
−2,1 we obtain another
formula for ψD80,1
ψD80,1 = 2 ·H−2(ϕ
D8
−2,1) = 512 +
∑
ζ
± 1
2
1 . . . ζ
± 1
2
8 + q(. . .).
3.2 Generators of index 2 for D8
We note that by construction (see §2) of Dn is a sublattice of index 2 of the
lattice Zn. Let L(2) denote the lattice L with double inner product, i.e. as
sets L(2) = L, but for any two elements l1, l2 their inner product in L(2)
is equal to 2(l1, l2) instead of (l1, l2). Then, by definition of the lattice A1,
Z(2) ≃ A1 and
Dn(2) < Z(2)
⊕n ≃ A⊕n1 .
Therefore, by analogy with the case of Jacobi forms for A1 ⊕ A1 (see
Example 2.5), for any n and 0 ≤ k ≤ n we can define O(Dn)-invariant (or
O′(D4)-invariant if n = 4) weak Jacobi forms of weight −2k and index 2
ϕDn−2k,2(τ, z1, . . . , zn) =
1
k!(n − k)!
∑
σ∈Sn
ϕ−2,1(τ, zσ(1)) . . . ϕ−2,1(τ, zσ(k))×
× ϕ0,1(τ, zσ(k+1)) . . . ϕ0,1(τ, zσ(n)),
where the summation is taken over all permutations and ϕ0,1 and ϕ−2,1 are
Eichler-Zagier’s Jacobi forms for A1, which were defined in Example 2.3.
Obviously, these forms are also W (Dn)-invariant.
Note again that ϕ−2,1(τ, 0) = 0 and ϕ0,1(τ, 0) = 12 (because ϕ0,1(τ, 0) =
12+ q · (. . .) is a modular form of weight zero by definition, but there are no
non-constant modular forms of weight 0). For 0 ≤ k ≤ n− 1 we get
ϕDn−2k,2(τ, z1, . . . , zn−1, 0) = 12ϕ
Dn−1
−2k,2(τ, z1, . . . , zn−1).
Therefore, the constructed Jacobi forms of index 2 form the natural tower
with respect to the natural embedding D2 < · · · < Dn (see §4 below).
4 The arithmetic D8-tower of weak Jacobi forms
Now let us move on from the version of Wirthmu¨ller’s theorem in the case
of root systems A1 and A1 ⊕A1 to the statement of the main results of our
work.
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Theorem 4.1. The bigraded ring of all weak Jacobi forms associated with
root lattice Dn for n 6 8 and invariant under the action of the full integral
orthogonal group O(Dn) in the case n 6= 4 and O
′(D4) in the case n = 4
has the structure of the free algebra over the ring of modular forms with
following generators:
Jw,O∗,∗ (D2) =M∗[ϕ
D2
0,1, ϕ
D2
−2,1, ϕ
D2
−4,1],
Jw,O∗,∗ (D3) =M∗[ϕ
D3
0,1, ϕ
D3
−2,1, ϕ
D3
−4,1, (ω
D3
−3,1)
2],
Jw,O
′
∗,∗ (D4) =M∗[ϕ
D4
0,1 , ϕ
D4
−2,1, ϕ
D4
−4,1, ϕ
D4
−6,2, (ω
D4
−4,1)
2],
and
Jw,O∗,∗ (Dn) =M∗[ϕ
Dn
0,1 , ϕ
Dn
−2,1, ϕ
Dn
−4,1, ϕ
Dn
−6,2, . . . , ϕ
Dn
−2n+2,2, (ω
Dn
−n,1)
2]
for 5 6 n 6 8. Moreover, for all n 6= 4 all generators, except ωDn−n,1, are
invariant under the action of the full integral orthogonal group (and the
group O′(D4) in the case n = 4), and there is the following natural tower
with respect to restrictions from Dn to Dn−1 by setting zn = 0
ϕD80,1 , ϕ
D8
−2,1, ϕ
D8
−4,1, ϕ
D8
−6,2, ϕ
D8
−8,2, ϕ
D8
−10,2, ϕ
D8
−12,2, ϕ
D8
−14,2, (ω
D8
−8,1)
2
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
ϕD70,1 , ϕ
D7
−2,1, ϕ
D7
−4,1, ϕ
D7
−6,2, ϕ
D7
−8,2, ϕ
D7
−10,2, ϕ
D7
−12,2, (ω
D7
−7,1)
2, 0
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓
ϕD60,1 , ϕ
D6
−2,1, ϕ
D6
−4,1, ϕ
D6
−6,2, ϕ
D6
−8,2, ϕ
D6
−10,2, (ω
D6
−6,1)
2, 0
↓ ↓ ↓ ↓ ↓ ↓
ϕD50,1 , ϕ
D5
−2,1, ϕ
D4
−4,1, ϕ
D5
−6,2, ϕ
D5
−8,2, (ω
D5
−5,1)
2, 0
↓ ↓ ↓ ↓ ↓ ↓
ϕD40,1 , ϕ
D4
−2,1, ϕ
D4
−4,1, ϕ
D4
−6,2, (ω
D4
−4,1)
2, 0
↓ ↓ ↓ ↓ ↓
ϕD30,1 , ϕ
D3
−2,1, ϕ
D3
−4,1, (ω
D4
−3,1)
2, 0
↓ ↓ ↓ ↓
ϕD20,1 , ϕ
D2
−2,1, ϕ
D2
−4,1, 0
where
ϕDn−2k,1
∣∣
zn=0
= ϕ
Dn−1
−2k,1, ϕ
Dn
−2k,2
∣∣
zn=0
= 12ϕ
Dn−1
−2k,2,
ϕDn−2(n−1),2 = 12(ω
Dn−1
−(n−1),1)
2.
Corollary 4.1. The bigraded ring of all weak W -invariant Jacobi forms
associated with root lattice Dn for 3 6 n 6 8 has the structure of the free
algebra over the ring of modular forms with following generators:
Jw,W∗,∗ (D3) =M∗[ϕ
D3
0,1 , ϕ
D3
−2,1, ϕ
D3
−4,1, ω
D3
−3,1],
Jw,W∗,∗ (D4) =M∗[ϕ
D4
0,1, ϕ
D4
−2,1, ϕ
D4
−4,1, ϕ
D4
−6,2, ω
D4
−4,1],
and
Jw,W∗,∗ (Dn) =M∗[ϕ
Dn
0,1 , ϕ
Dn
−2,1, ϕ
Dn
−4,1, ϕ
Dn
−6,2, . . . , ϕ
Dn
−2n+2,2, ω
Dn
−n,1]
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for 5 6 n 6 8. Restrictions of these forms to D2 by setting to 0 all coordi-
nates, except z1 and z2, give generators of J
w,O
∗,∗ (D2) up to multiplication by
non-zero constants.
Proof. The proof of this Corollary is the same as the proof of the Theorem
4.1 presented below. We only need to replace the orthogonal groups by Weyl
groups.
We prove Theorem 4.1 by induction. First of all, we need to consider
the case D2. In fact, it was made in Proposition 2.2. Let us note that by
definition the lattice D2 is equal to the set
{(x1, x2) ∈ Z |x1 + x2 ≡ 0 mod 2}.
The lattice A1 ⊕ A1 is embedded in D2 as the sum of the lattices spanned
on (1, 1) and (1,−1). Actually, D2 ≃ A1⊕A1, and in terms described above
this isomorphism is given by (x1, x2) 7→ (
x1+x2
2 ,
x1−x2
2 ). So, in terms of
of “weight” coordinates we have isomorphism D2 ⊗ C (z-coordinates) and
(A1 ⊕A1)⊗ C (w-coordinates) by (z1, z2)↔ (w1 + w2, w1 − w2). We know
from Proposition 2.2,
Jw,O∗,∗ (2A1) =M∗[ϕ
2A1
0,1 , ϕ
2A1
−2,1, ϕ
2A1
−4,1],
where in w-coordinates
ϕ2A1−4,1(τ, w1, w2) = ϕ−2,1(τ, w1)ϕ−2,1(τ, w2),
ϕ2A1−2,1(τ, w1, w2) = ϕ−2,1(τ, w1)ϕ0,1(τ, w2) + ϕ0,1(τ, w1)ϕ−2,1(τ, w2),
ϕ2A10,1 (τ, w1, w2) = ϕ0,1(τ, w1)ϕ0,1(τ, w2).
Using the inverse transform of coordinates (w1, w2) ↔ (
z1+z2
2 ,
z1−z2
2 ) we
obtain
ϕD2−4,1(τ, z1, z2) = (ζ
1
2
1 ζ
1
2
2 − 2 + ζ
− 1
2
1 ζ
− 1
2
2 )(ζ
1
2
1 ζ
− 1
2
2 − 2 + ζ
− 1
2
1 ζ
1
2
2 ) + q(. . .) =
= 4 +
2∑
j=1
(ζj + ζ
−1
j ) + 2
∑
ζ
± 1
2
1 ζ
± 1
2
2 + q · (. . .) = −
1
32
ϕD8−4,1
∣∣
D2
(τ, z1, . . . , z8),
ϕD2−2,1(τ, z1, z2) = (ζ
1
2
1 ζ
1
2
2 − 2 + ζ
− 1
2
1 ζ
− 1
2
2 )(ζ
1
2
1 ζ
− 1
2
2 + 10 + ζ
− 1
2
1 ζ
1
2
2 )+
+(ζ
1
2
1 ζ
1
2
2 + 10 + ζ
− 1
2
1 ζ
− 1
2
2 )(ζ
1
2
1 ζ
− 1
2
2 − 2 + ζ
− 1
2
1 ζ
1
2
2 ) + q · (. . .) =
= −40+2
2∑
j=1
(ζj+ζ
−1
j )−8
∑
ζ
± 1
2
1 ζ
± 1
2
2 +q(. . .) = −
1
8
ϕD8−2,1
∣∣
D2
(τ, z1, . . . , z8),
ϕˆD20,1(τ, z1, z2) = (ζ
1
2
1 ζ
1
2
2 + 10 + ζ
− 1
2
1 ζ
− 1
2
2 )(ζ
1
2
1 ζ
− 1
2
2 + 10 + ζ
− 1
2
1 ζ
1
2
2 ) + q(. . .) =
13
= 100 +
2∑
j=1
(ζj + ζ
−1
j ) + 10
∑
ζ
± 1
2
1 ζ
± 1
2
2 + q · (. . .).
The last Jacobi form is not the restriction of the basic form ϕD80,1. If we
consider
ϕD20,1(τ, z1, z2) = ϕˆ
D2
0,1(τ, z1, z2) + 5E4(τ)ϕ
D2
−4,1(τ, z1, z2), (2)
then ϕD20,1 = 6ϕ
D8
0,1
∣∣
D2
(τ, z1, . . . , z8). Therefore, we get
Jw,O∗,∗ (D2) =M∗[ϕ
D2
0,1, ϕ
D2
−2,1, ϕ
D2
−4,1].
Remark 4.1. The bigraded ring of the W (D2)-invariant weak Jacobi forms
is not polynomial. It is a quadratic extension of theO(D2)-invariant quadratic
ring. The Jacobi form ϕ−2,1(τ, z1) · ϕ0,1(τ, z2) − ϕ0,1(τ, z1) · ϕ−2,1(τ, z2) is
not invariant under the action of the whole O(A1 ⊕ A1). Writing it in w-
coordinates we get
ϕ−2,1(τ, w1) · ϕ0,1(τ, w2)− ϕ0,1(τ, w1) · ϕ−2,1(τ, w2) =
= 12(ζ
1
2
1 ζ
1
2
2 − ζ
− 1
2
1 ζ
1
2
2 − ζ
1
2
1 ζ
− 1
2
2 + ζ
− 1
2
1 ζ
− 1
2
2 ) + q · (. . .) = 12ω
D2
−2,1(τ, w1, w2).
Then we have the following relation:
(ωD2−2,1)
2 = (ϕD2−2,1)
2 − 4ϕD20,1ϕ
D2
−4,1 + 5E4(ϕ
D2
−4,1)
2.
Lemma 4.1. For each 3 6 n 6 8 the O(Dn)-invariant (or O
′(D4)-invariant
in the case of n = 4) weak Jacobi forms in Theorem 4.1 generate the algebra
Jw,O∗,∗ (Dn) over the ring of modular forms.
Proof. We have proved the statement of the lemma for n = 2. Suppose
that the statement holds for Dn. Let us consider an arbitraty weak Jacobi
form Φk,m ∈ J
w,O
∗,∗ (Dn+1). Its restriction Φk,m
∣∣
zn+1=0
is O(Dn) (or O
′(D4)-
invariant). If Φk,m
∣∣
zn+1=0
6≡ 0, then by induction
Φk,m
∣∣
zn+1=0
= P1(ϕ
Dn
0,1 , ϕ
Dn
−2,1, ϕ
Dn
−4,1, ϕ
Dn
−6,2, . . . , ϕ
Dn
−2n+2,2, (ω
Dn
−n,1)
2),
where P is a polynomial with coefficients from the ring of modular forms.
We define another Jacobi form in J
w,O(Dn+1)
k,m
Ψk,m = Φk,m−P (ϕ
Dn+1
0,1 , ϕ
Dn+1
−2,1 , ϕ
Dn+1
−4,1 ,
1
12
ϕ
Dn+1
−6,2 , . . . ,
1
12
ϕ
Dn+1
−2n+2,2,
1
12
ϕ
Dn+1
−2n,2).
By construction of the generators we see that Ψk,m
∣∣
zn+1=0
= 0. Moreover,
Ψk,m
∣∣
zj=0
≡ 0 and the order of zero is equal to 2d > 0 because of invari-
ance under the action of O(Dn+1) (or O
′(D4)). The second condition from
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Definition 2.1 of Jacobi forms gives that divisor of Φk,m contains all points
zj = s + tτ with s, t ∈ Z. Hence the form Ψk,m is divisible by (ω
Dn+1
−(n+1),1)
d.
So, we can consider the holomorphic quotient
Φk+2d(n+1),m−2d =
Φk,m
(ω
Dn+1
−(n+1),1)
2d
.
which is still weak Jacobi form because the Fourier expansion of ω
Dn+1
−(n+1),1
starts with q0. If the index m − 2d is positive we continue this process.
If m − 2d = 0, then the Jacobi form Φk+2d(n+1),0
∣∣
zn+1=0
∈ Jw,O∗,∗ (Dn) is a
SL2(Z)-modular form according our assumption about Dn.
Lemma 4.2. For each 3 6 n 6 8 the O(Dn) (or O
′(D4)-invariant) weak
Jacobi forms from Theorem 4.1 are algebraically independent.
Proof. We have proved this lemma for d = 2. Suppose that the statement
holds for all lattices Dn1 with n1 6 n but does not hold forDn+1. Then there
is some polynomial relation between the generators for Dn+1 and we can
choose one with minimal degree. Consider the restriction of this relation to
the lattice Dn by setting zn+1 = 0. Then the image of the form (ω
Dn+1
−(n+1),1)
2
and only of this form vanishes because the constructed functions satisfy
the tower condition. If after restriction some monomial in the polynomial
relation does not vanish, then we obtain the polynomial relation for Dn
because of tower condition. Otherwise, each monomial is divisible by the
form (ω
Dn+1
−(n+1),1)
2, and we can get the polynomial relation of lower degree.
In both cases we get a contradiction.
5 System of modular differential equations
In this section we introduce some applications of previous results. We show
that the most important generators of index one of the graded ring J
w,O(D8)
∗,∗
satisfy a system of differential equations. Let us consider three O(D8)-
invariant generators ϕD8−4,1, ϕ
D8
−2,1 and ϕ
D8
0,1 of index one. As it was mentioned
above these forms satisfy the following differential equations:
3H−4(ϕ
D8
−4,1) = ϕ
D8
−2,1, (3)
2H−2(ϕ
D8
−2,1)− E4ϕ
D8
−4,1 = 32ϕ
D8
0,1 . (4)
We can construct the third equation using the structure of the ring of weak
Jacobi forms. Let us consider three O(D8)-invariant of weak Jacobi forms
of weight 2: E6ϕ
D8
−4,1, E4ϕ
D8
−2,1, H0(ϕ
D8
0,1). There is no weak Jacobi forms
ϕ2,1 of weight 2 with zero q
0-term because in this case ϕ2,1/∆, where ∆
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is the Ramanujan ∆-function of weight 12, has weight −10. Hence, if we
find the suitable linear combination of these forms with zero q0-term, this
combination would be equal to zero identically. Using explicit constructions
of all these forms from subsection 3.1 and
H0(ϕ
D8
0,1) = 16 −
8∑
j=1
ζ±1j + q · (. . .)
we obtain the following equation:
E6ϕ
D8
−4,1 + E4ϕ
D8
−2,1 − 48H0(ϕ
D8
0,1) = 0. (5)
Together, equations (3), (4) and (5) give the following system of modular
differential equations:

3H−4(ϕ
D8
−4,1) = ϕ
D8
−2,1,
2H−2(ϕ
D8
−2,1)− E4ϕ
D8
−4,1 = 32ϕ
D8
0,1 ,
E6ϕ
D8
−4,1 + E4ϕ
D8
−2,1 = 48H0(ϕ
D8
0,1).
It would be interesting to find an equation of hight degree of the basic
Jacobi form ϕD80,1. This weak Jacobi form provides the Borcherds-Enriques
modular form, i.e. the automorphic discriminant of the moduli space of
Enriques surfaces (see [G3]). To find the general equation we can again use
Theorem 4.1.
Let us consider all forms of weight 8 for the lattice D8 that can be ob-
tained from ϕD80,1 using differential operators and multiplication by modular
forms. Then, if we construct non-zero form of weight 8 without q0-term, we
get one of two cases. If q1-term of constructed form is not equal to zero, af-
ter dividing by ∆(τ) we obtain a form proportional to ϕD8−4,1. But if q
1-term
is equal to zero, we get the form that is identically equal to zero because
of the structure of the polynomial ring Jw,W∗,∗ (D8). In any case we obtain
non-trivial differential equation.
However, there is a way to find more complicated differential equations.
For such relations we need to know the first two coefficients in Fourier ex-
pansion of ϕD80,1. Using our explicit construction from subsection 3.1 again
we obtain the following part of Fourier expansion
ϕD80,1(τ, z1, . . . , z8) = 8 +
8∑
j=1
ζ±1j +
(128+36
8∑
j=1
ζ±1j +8
8∑
j,k=1
ζ±1j ζ
±1
k −8
∑
ζ
± 1
2
1 . . . ζ
± 1
2
8 +
8∑
j,k,l=1
ζ±1j ζ
±1
k ζ
±1
l )·q+. . .
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Forms which can be obtained from ϕ0,1 are listed in the following table:
Weight 0 Weight 2 Weight 4 Weight 6 Weight 8
ϕD8
0,1 H0(ϕ
D8
0,1) H2(H0(ϕ
D8
0,1)) H4(H2(H0(ϕ
D8
0,1))) H6(H4(H2(H0(ϕ
D8
0,1))))
E4ϕ
D8
0,1 H4(E4ϕ
D8
0,1) H6(H4(E4ϕ
D8
0,1))
E4H0(ϕ
D8
0,1) H6(E4H0(ϕ
D8
0,1))
E6ϕ
D8
0,1 H6(E6ϕ
D8
0,1)
E4H2(H0(ϕ
D8
0,1))
E6H0(ϕ
D8
0,1)
E2
4
ϕD8
0,1
In this case an arbitrary form of weight 8 can be written as
F8,1 = a1H6 ◦H4 ◦H2 ◦H0(ϕ
D8
0,1)+a2H6 ◦H4(E4ϕ
D8
0,1))+a3H6(E4H2(ϕ
D8
0,1))+
+a4H6(E6ϕ
D8
0,1) + a5E4H2 ◦H0(ϕ
D8
0,1) + a6E6H0(ϕ
D8
0,1) + a7E
2
4ϕ
D8
0,1 .
Direct calculation shows that the q0-term of F8,1 is equal to zero for any a1,
a2, a3, a4, a5 if
a6 =
1
27
· (a1 + 18a2 + 9a3 − 27a4),
a7 = −
1
162
· (2a1 + 36a2 + 9a3 − 81a4 + 9a5).
However, for any a1, a2, a3, a4, a5 we obtain that the q
1-term of the Fourier
expansion of F8,1 is also equal to zero. It follows that
F8,1(τ, z1, . . . , z8)
∆2(τ)
∈ J
w,O(D8)
−16,1 .
But the last space is trivial according to the Theorem 4.1. Thus we can add
the third differential equation to the equations (3) and (4)
a1H6 ◦H4 ◦H2 ◦H0(ϕ
D8
0,1) + a2H6 ◦H4(E4ϕ
D8
0,1)) + a3H6(E4H2(ϕ
D8
0,1))
+a4H6(E6ϕ
D8
0,1)+a5E4H2◦H0(ϕ
D8
0,1)+
1
27
(a1+18a2+9a3−27a4)E6H0(ϕ
D8
0,1)
−
1
162
(2a1 + 36a2 + 9a3 − 81a4 + 9a5)E
2
4ϕ
D8
0,1 = 0. (6)
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We can compare the modular differential equation (6) for ϕD80,1 with sim-
ilar equation for ϕ0,1(τ, z) ∈ J
w,W
0,1 (A1). For the last function we have
a1H4 ◦H2 ◦H0(ϕ0,1) + a2E4H0(ϕ0,1 + a3H4(E4ϕ0,1) + a4E6ϕ0,1 = 0 (7)
with
a3 =
a1
50688
−
91a2
11
and a4 =
a1
76032
−
115a2
88
.
We note that ϕ0,1 is equal to the elliptic genus of the Enriques surfaces (see
[G2]). Therefore (7) above is a general differential equation for the elliptic
genus of Enriques or K3 surface.
We can write a similar equation for the second generator ϕ−2,1(τ, z) for
the lattice A1. As we know (see [GN1]),
H−2(ϕ
A1
−2,1)(τ, z) = −
1
24
ϕA10,1(τ, z).
If we apply modular differential operator to ϕA10,1(τ, z), we obtain
H0(ϕ
A1
0,1)(τ, z) = −
5
24
ζ +
10
24
−
5
24
ζ−1 + q · (. . .).
And therefore we have the following differential equation
H0 ◦H−2(ϕ
A1
−2,1)− 2880E4ϕ
A1
−2,1 = 0,
because there are no non-zero weak Jacobi forms of index one and weight
−10.
Almost all constructions of this paper can be generalized to the case of
the lattice Dn for any n > 8. We are planing to study modular differen-
tial equations for the generators of the bigraded ring J
w,O(Dn)
∗,∗ in the next
publication.
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